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We present a systemati omparison of the most reent thermodynamimeasurements of a trapped
Fermi gas at unitarity with preditions from strong oupling theories and quantum Monte Carlo
(MC) simulations. The auray of the experimental data, of the order of a few perent, allows a
preise test of dierent many-body approahes. We nd that a Nozières and Shmitt-Rink treatment
of utuations is in exellent agreement with the experimental data and available MC alulations
at unitarity.
PACS numbers: 03.75.Hh, 03.75.Ss, 05.30.Fk
The theory of strongly interating fermions is of great
interest. Interating fermions are involved in some of the
most important unanswered questions in ondensed mat-
ter physis, nulear physis, astrophysis and osmology.
Though weakly-interating fermions are well understood,
new approahes are required to treat strong interations.
In these ases, one enounters a strongly orrelated pi-
ture whih ours in many fundamental systems ranging
from strongly interating eletrons to quarks.
The main theoretial diulty lies in the absene of
any small oupling parameter in the strongly interating
regime, whih is ruial for estimating the errors of ap-
proximate approahes. Although there are numerous ef-
forts to develop strong-oupling perturbation theories of
interating fermions, notably the many-body T -matrix
utuation theories [1, 2, 3, 4, 5, 6, 7, 8, 9, 10℄, their
auray is not well-understood. Quantum Monte Carlo
(QMC) simulations are also less helpful than one would
like, due to the sign problem for fermions [11℄ or, in the
ase of lattie alulations [12, 13℄, the need for extrapo-
lation to the zero lling fator limit.
Reent developments in ultraold atomi Fermi gases
near a Feshbah resonane with widely tunable inter-
ation strength, densities, and temperatures have pro-
vided a unique opportunity to quantitatively test dier-
ent strong-oupling theories [14, 15, 16, 17, 18℄. In these
systems, when tuned to have an innite s-wave sattering
length - the unitarity limit - a simple universal thermody-
nami behavior emerges [19, 20℄. Due to the pioneering
eorts of many experimentalists, the auray of ther-
modynami measurements at unitarity has improved sig-
niantly. A breakthrough ourred in early 2007, when
both energy and entropy in trapped Fermi gases were
measured without invoking any spei theoretial model
[18℄. This milestone experiment, arguably the most a-
urate measurement in old atoms, has an auray at
the level of a few perent.
In this Rapid Communiation, using experimental data
as a benhmark, we present an unbiased test of several
strong oupling theories that are ommonly used in the
literature, inluding QMC simulations. From this om-
parison, we show that the simplest theory whih inor-
porates pairing utuations appears to be quantitatively
aurate at unitarity. This is the T -matrix approxima-
tion pioneered by Nozières and Shmitt-Rink (NSR) [1℄
and others [2, 5℄, as reently applied to trapped gases in
the below threshold superuid regime [8℄. We nd it de-
sribes the observed thermodynamis extremely well at
all temperatures at unitarity, exept in regions very near
the superuid transition temperature Tc.
The omparisons show that the simple NSR approxi-
mation gives exellent results. This appears to be related
to the important symmetry property of sale-invariane
[21℄, whih is a neessary feature of any exat theory
at unitarity, and is shared by the NSR approah. Our
omparative results should therefore be useful in devel-
oping new theoretial approahes for strong interating
fermions, and are relevant to many elds of physis. In
partiular, our results might shed light on the appliabil-
ity of dierent T -matrix approximations to high-Tc su-
perondutors and neutron stars, whih are of interest to
the ondensed matter and astrophysis ommunities.
The strong oupling theories that we ompare inlude
several T -matrix utuation and QMC theories. We re-
fer to Refs. [12, 13℄ for a detailed desription of QMC
methods, and briey review dierent T -matrix theories.
These involve an innite set of diagrams  the ladder
sum in the partile-partile hannel. It is generally a-
epted that this ladder sum is neessary for taking into
aount strong pair utuations in the strongly interat-
ing regime, sine it is the leading lass of all sets of dia-
grams [22℄.
The diagrammati struture of dierent T -matrix the-
ories may be laried above Tc for a single-hannel
model [7℄, where one writes for the T -matrix, t(Q) =
U/[1 + Uχ (Q)]. Here and throughout, Q = (q, iνn),
K = (k, iωm), while U
−1 = m/(4π~2a) −
∑
k
m/~2k2
is the bare ontat interation expressed in terms of the
s-wave sattering length. We use
∑
K = kBT
∑
m
∑
k
,
where q and k are wave vetors, while νn and ωm are
2bosoni and fermioni Matsubara frequenies.
Dierent T-matrix utuation theories dier in their
hoie of the partile-partile propagator [22℄,
χ (Q) =
∑
K
Gα(K)Gβ(Q−K), (1)
and the assoiated self-energy, Σ(K) =
∑
Q t(Q)Gγ(Q−
K). The subsripts α, β, and γ in the above equa-
tions an either be set to 0, indiating a non-interating
Green's funtion G0(K) = 1/[iωm − ~
2k2/2m + µ], or
be absent, indiating a fully dressed interating Green's
funtion. In these ases a Dyson equation, G(K) =
G0(K)/[1−G0(K)Σ(K)], is required to self-onsistently
determine G and Σ. The only free parameter, the
hemial potential µ, is xed by the number equation,
N = 2
∑
K G(K).
By taking dierent ombinations of α, β and γ, there
are six distint hoies of the T -matrix approximation,
for whih a nomenlature of (GαGβ)Gγ will be used. As
noted earlier, there is no known a priori theoretial justi-
ation for whih is the most appropriate. While having
the same diagrammati struture, the T -matrix approx-
imations we use above and below Tc are omputationally
dierent, owing to the use of dierent G0 (or G). Below
Tc, these Green's funtions are 2×2 matries.
The simplest hoie, (G0G0)G0, was pioneered by NSR
above Tc using the thermodynami potential [1℄, with a
trunated Dyson equation for G, i.e., G = G0 +G0ΣG0.
This theory was extended to the broken-symmetry su-
peruid phase by several authors [4, 5, 8, 23℄, using the
mean-eld 2×2 matrix BCS Green's funtion as G0. In
Ref. [8℄, it was shown that the resulting ground state en-
ergy is in exellent agreement with the zero-temperature
QMC alulation for all interation strengths. The NSR
approximation is the simplest sheme that inludes the
eets of partile-partile utuations. It does not at-
tempt to be self-onsistent. In the other extreme, one
may onsider a (GG)G approximation, with a fully self-
onsistent propagator. This was investigated in detail
by Haussmann et al., both above [3℄ and below Tc [10℄.
Below Tc an ad-ho renormalization of the interation
strength is required to obtain a gapless phonon spetrum.
We also onsider an intermediate sheme having an
asymmetri form for the partile-partile propagator,
i.e., (GG0)G0. This has been disussed in a series of
papers by Levin and o-workers [7℄, based on the as-
sumption that this treatment of utuations is onsistent
with the simpler BCS theory at low temperatures. Al-
though the theory has been explored numerially to some
extent [24℄, a omplete numerial solution has not been
implemented previously. A simplied version [7℄ of the
(GG0)G0 utuation theory was introdued based on a
deomposition of the T -matrix t(Q) in terms of a on-
densate part and a pseudogap part. In this Letter, we
refer to this approah as the pseudogap model and will
inlude it in our omparative study.
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Figure 1: (olor online) Chemial potential of a uniform Fermi
gas at unitarity as a funtion of redued temperature T/TF ,
where TF = ǫF /kB . The lines plotted are the results of NSR
(solid lines), (GG0)G0 (dashed line), (GG)G (dotted line),
and pesudogap model (dot-dashed line). These preditions
are ompared with lattie QMC simulations (symbols).
Other strong oupling theories with an artiial small
parameter have been developed reently, inluding an ǫ
expansion around the ritial dimension [25℄ and a 1/N
expansion for a 2N -omponent gas [26℄. These eld-
theoreti approahes provide very useful but so far only
qualitative information about universal thermodynam-
is valid at unitarity. In the Boltzmann regime at high
temperatures, not explored experimentally so far, it is
possible to make a virial expansion in terms of fugaity
[27℄. We have veried that the three T -matrix shemes
we study here do orretly inlude the dominant seond-
order virial ontribution in the high temperature region.
Fig. 1 ompares the temperature dependene of the
hemial potential at unitarity, alulated from dierent
T -matrix shemes and lattie QMC simulations. The T -
matrix approximations above Tc have been solved using
an adaptive step Fourier transform method. Below Tc,
the NSR and (GG)G results are from Refs. [8℄ and [10℄,
respetively. The (GG0)G0 approximation below Tc has
not been worked out yet. The QMC results are taken
from Refs. [12℄ and [13℄. However, these lattie alula-
tions may have systemati errors due to an extrapolation
to the zero lling fator limit whih is neessary to have
a well-dened ontinuum theory. Nonetheless, the three
T -matrix alulations agree well with the lattie QMC
simulations. On the other hand, the predition of the
pesudogap model above Tc diers substantially from the
(GG0)G0 results, for whih it is an approximation. The
pseudogap model omits important features of the full
(GG0)G0 theory, due to the ondensate+pseudogap
deomposition of the T -matrix.
The determination of energy and entropy is a sub-
tle problem. It is known that universal thermodynam-
is at unitarity implies a rigorous saling relation [19℄,
P = −Ω = 2E/3, whih relates the pressure (or thermo-
dynami potential) and the energy density for a unitarity
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Figure 2: (olor online) Temperature dependene of the en-
ergy (upper panel) and of the entropy (lower panel) of a uni-
form Fermi gas at unitarity, obtained from dierent T -matrix
approximations and QMC simulations as indiated.
gas in the same way as for an ideal, non-interating quan-
tum gas, although the energy densities are quite dierent.
Apart from the (GG)G sheme above-Tc and the NSR
approah (in both regimes), strong oupling theories in
general do not satisfy this essential saling relation. The
violation is typially at the level of a few perent, ompa-
rable to the auray of the experimental data we used.
For quantitative purposes, we alulate the thermody-
nami potential from the hemial potential, using
Ω (µ, T = const) = −
∫ µ
µ0
n (µ′) dµ′ +Ω(µ0, T ) (2)
at a given temperature. Here, the lower bound of the
integral µ0 is suiently small so that Ω (µ0, T ) an be
obtained aurately from a high temperature virial ex-
pansion [27℄. The energy and entropy an then be al-
ulated from the rigorous saling relations, E = −3Ω/2,
and S = (−5Ω/2− µN)/T , valid at unitarity.
The energy and entropy obtained in this manner are
given in Fig. 2, and ompared to the preditions of QMC
alulations. There is a reasonable agreement between
T -matrix theories and the lattie QMC simulations. For
the energy, we also show the path-integral Monte Carlo
results of Akkineni et al. for the ontinuum model [11℄.
At temperatures above 0.2TF , the energy lies systemat-
ially below that of all the T -matrix theories. This is
probably due to the use of a nite eetive range r0 for
the interation [11℄, i.e., kF r0 ≃ 0.3. Compared to the
QMC results, the pseudogap model appears to provide
the least aurate preditions for energy and entropy. At
low temperatures it predits a T 3/2 dependene for the
entropy, whih is harateristi of a non-interating ideal
0 1 2 3 4 5
-0.3
-0.2
-0.1
0.0
  NSR 
  (GG0)G0
  (GG)G
  Pseudogap
  Duke expt.
  QMC, Ref. [28]
(E
-E
IG
)/(
N
E
F)
S/(NkB)
BCS-MF
Figure 3: (olor online) Theoretially predited universal
thermodynamis in omparison with experimental data [18℄.
Bose ondensed gas. In ontrast, the T -matrix entropies
follow a T 3 saling law, arising from the Bogoliubov-
Anderson phonon modes [10℄.
We now ompare theoretial preditions with exper-
imental data [18℄. A strongly interating Fermi gas of
N = 1.3(2)×105 lithium atoms is prepared in a Gaussian
trap V (r) = V0{1− exp[−m(ω
2
⊥
ρ2 + ω2zz
2)/(2V0)]} with
V0 ≃ 10EF at a magneti eld B = 840 G, slightly above
the resonane position B0 = 834 G. The large but nite
interation, kFa = −20.0, leads to an approximately 1%
orretion that is not aounted for experimentally. The
energy is determined in a model-independent way from
the mean square radius
〈
z2
〉
of the strongly interating
loud, aording to the virial theorem, whih states that
the potential energy (∝
〈
z2
〉
) of the gas is a half of its
total energy. The entropy of the gas is alibrated again
from the loud size, but after an adiabati sweep to a
weakly interating gas with kFa = −0.75, using a preise
theory at weak oupling. We refer to Refs. [18℄ and [20℄
for further details. To determine the energy and entropy
theoretially, we apply the loal density approximation
(LDA) by assuming that the system an be treated as
loally uniform, with a position-dependent loal hem-
ial potential µhom[n (r) , T/TF (n)] = µ − V (r), where
TF (n) is the loal Fermi temperature. From this ondi-
tion, the density prole is obtained, and the total energy
and entropy are alulated.
Fig. 3 shows the interation energy vs. entropy in a
harmoni trap as predited by the strong-oupling theo-
ries in omparison with experimental data. All results of
perturbation theories, exept that of the NSR approah,
were not reported previously to our knowledge. The en-
ergy is expressed in units of the Fermi energy at zero
temperature in a harmoni trap: EF = (3Nω
2
⊥
ωz)
1/3 =
kBTF . To emphasize the eets of interations, we have
subtrated the ideal gas result EIG. No adjustable pa-
rameters have been used theoretially or experimentally.
This omparison is therefore an unbiased test of how well
T -matrix theories agree with experiment [18℄.
4The dierene between dierent T -matrix shemes,
mostly of the order 0.05NEF , is relatively small and thus
nearly indistinguishable in the plot of total energy and
entropy. Despite this, the extraordinary preision of the
measurements is able to disriminate between these theo-
ries in the interation energy, as given in Fig. 3. The NSR
approah is seen to give the best t to the experimen-
tal data below Tc (orresponding to Sc ≈ 2.3NkB) and
above T = 0.5TF (orresponding to S > 3.5NkB). This
indiates that the simplest non-self-onsistent T -matrix
approximation aptures the essential physis of strong
pair utuations at both low (superuid) and high (nor-
mal) temperatures. Around Tc, the experimental data
shows evidene of what ould be a rst-order superuid
transition. However, due to ritial slowing-down, sys-
temati experimental errors annot be ruled out in this
regime, if the magneti eld sweep is not quite adiabati.
In the temperature region just above Tc, the NSR ap-
proah presumably does not fully apture the full eet of
utuations, ompared to the self-onsistent (GG)G the-
ory above Tc. At the transition, from the experimental
data one may determine experimentally a ritial entropy
Sc/N ≃ 2.3kB and a ritial energy Ec/N ≃ 0.86EF in
a trap. The ritial temperature Tc/TF in the ase of
a trap is diult to determine, due to the unknown re-
lation S(T ). The theoretial preditions are 0.29 [NSR℄,
0.21 [(GG0)G0 and (GG)G℄, and 0.27 [pseudogap model℄.
In a further omparison, we inlude in Fig. 3 a reent
QMC alulation (thin solid line) of trapped Fermi gases
[28℄. There is a notieable systemati dierene between
the QMC and experimental data at high entropy, but this
is due to the improper use of an ideal gas approximation
in the QMC estimates for large T . It is lear that the uni-
tarity gas remains strongly interating even lose to the
degenerate temperature (i.e., S ≃ 5NkB). Thus, a virial
expansion of the equation of state up to the seond order
should be applied. Among all pair utuating theories,
Fig. 3 shows that the pseudogap approximation gives
poor agreement with thermodynami data, though it is
better than BCS mean-eld theory  whih ompletely
ignores the pairing utuations. Therefore, the pseudo-
gap model does not desribe the strong utuations at
unitarity as well as the full (GG0)G0 theory.
In onlusion, the aurate thermodynami measure-
ments at Duke University have allowed us to perform
a test of strong-oupling T -matrix theories at unitarity.
The simplest NSR approximation for the partile-partile
T -matrix is found to give the best quantitative desrip-
tion. Further work is needed to understand the reason
for this, but we onjeture that it is related to sale-
invariane symmetry in the unitarity limit. We onlude
that near the BCS-BEC rossover region, the NSR ap-
proximation is surprisingly useful.
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